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Bending rigidity and higher order curvature terms for the hard-sphere fluid near a
curved wall
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In this work I derive analytic expressions for the curvature dependent fluid-substrate surface
tension of a hard sphere fluid on a hard curved wall. In a first step, the curvature thermodynamic
properties are found as truncated power series in the activity in terms of the known second and third
order cluster integral of the hard-sphere fluid near spherical and cylindrical walls. These results are
then expressed as packing fraction power series and transformed to different reference regions which
is equivalent to consider different positions of the dividing surface. All the obtained series expansions
are rigorous results. Based on the truncated series it is shown that the bending rigidity of the system
is non-null and that higher order terms in the curvature also exist. In a second step, approximate
analytic expressions for the surface tension, the Tolman length, the bending rigidity and the Gaussian
rigidity as functions of the packing fraction are found by considering the known terms of the series
expansion complemented with a simple fitting approach. It is found that the obtained formulas
accurately describe the curvature thermodynamic properties of the system, further, they are more
accurate than any of the previously published expressions.
I. INTRODUCTION
The relation between the thermodynamic properties of
a confined fluid and the shape of the vessel where it is
confined has become a topic of current interest. Recently,
the inhomogeneous fluid cluster expansion was revisited
and applied to the hard sphere (HS) fluid near a hard
planar-wall [1]. Moreover, the HS system near spheri-
cal and cylindrical hard walls was studied focusing on
the analysis of the curvature dependent fluid-wall surface
tension using both, molecular dynamics and the density
functional theory [2–4].
The studies of the local dependence of the surface ten-
sion or surface free-energy on the curvature (for mem-
branes, for two fluid-phases and also for fluid/wall, sys-
tems) rely in one of the two following different expres-
sions. The first one, derived by Helfrich is [5]
γ (J,K) = γ − δγ J + k
2
J2 + k¯K + . . . , (1)
where the truncation to order K is frequently assumed.
The second one, proposed by König et al. and based on
the Hadwiger Theorem [6] is
γ (J,K) = γ − δγ J + k¯K . (2)
In Eqs. (1, 2) J = R−11 + R
−1
2 is the total curvature,
K = R−11 R
−1
2 is the Gaussian curvature, and R1, R2 are
the local principal radius of the surface. The fluid-wall
surface tension (or surface free-energy) for the case of a
planar wall is indicated by γ, while the curvature coef-
ficients are: δ the Tolman’s length, k the bending rigid-
ity and k¯ the Gaussian-curvature rigidity. Both expres-
sions were successfully utilized to describe, on approxi-
mate grounds, the properties of interfaces. Furthermore,
it was conjectured that Eq. (2) is complete for the HS
fluid in contact with hard curved walls [7–9].
The analysis of the curvature dependent surface ten-
sion is particularly simple in the context of constant cur-
vature surfaces like cylindrical and spherical wall/fluid
interfaces. In the last decade, different studies about
HS under these geometrical constraints were dedicated
to evaluate the bending rigidity, k. On the framework
of fundamental measure theory of Rosenfeld (FMT), and
based on the numerical analysis of the free energy it were
found bending rigidity values compatible with k = 0 [7–
9]. On the other hand, on the framework of a similar
FMT it was derived an integral expression for k provid-
ing k 6= 0 and suggesting that Eq. (2) is not complete for
this system. A second evidence supporting k 6= 0 result
from the re-examination of molecular dynamics (MD) re-
sults [3, 4]. Unfortunately, the smallness of the obtained
maximum value for k at moderate low packing fraction
η (smaller than 0.3) k (η = 0.2) = 0.000742 using FMT
and k (η = 0.25) = 0.001± 0.0008 using MD, makes nec-
essary to take them with caution (here k is in kBT units,
being T the temperature and kB Boltzmann constant).
On one hand, because the method used to extract the
curvature terms from MD depends on a fit which is very
sensible on the adopted procedure. On the other hand,
because FMT is an approximate theory that produce re-
liable results but non-necessarily to this higher degree of
accuracy.
In this work I study the higher order curvature depen-
dence of the surface tension for the HS fluid confined by
a spherical and cylindrical hard walls. The curvature-
thermodynamic properties are obtained as power series
in the activity and packing fraction and its coefficients to
order two (for k and k¯) or to order three (for δγ, 2k+ k¯,
and the terms of order R−3 in Eq. (1)) are obtained ex-
actly. An important finding presented here is that k 6= 0
on exact grounds and thus Eq. (2) is an approximated
expression for the studied system. The effect that the
change of the reference region produces on the system
2properties is revisited. The low order series expansions
of curvature-thermodynamic properties are also found by
adopting a dividing surface typical of the scaled particle
theory. Using the known terms of the series expansions
complemented with the fitting of available data simple
and accurate analytic expressions are presented for δγ,
2k + k¯ and for the first time for k and k¯. These ex-
pressions transformed to different reference regions are
verified by comparing with available data and it is con-
cluded that they are the most accurate description for
the analyzed properties developed at present.
II. EXPANSION IN THE ACTIVITY
The grand potential of a fluid of point-particles con-
fined in a region A by a hard wall (not necessarily a
planar wall) is
βΩ = −
∑
i≥1
τi
i!
zi , (3)
with τi the i-particles cluster integral of the fluid-in-A
system, β = 1/kBT its inverse temperature and z =
Λ−3 exp (−βµ) its activity. Other magnitudes are: µ the
chemical potential, Λ the de Broglie thermal length and
βΩ = − lnΞ, being Ξ the grand canonical partition func-
tion. For both, spherical and cylindrical hard walls with
a large enough radii R, the cluster integrals can be writ-
ten as
τi
i!
= biV − aiA+ ci,1A
R
+ ci,2
A
R2
+ ci,3
A
R3
+ . . . , (4)
where V is the volume of the system, A is its surface
area and R its radius. At constant temperature the co-
efficients bi, ai and ci,j with j ≥ 1, are constant. Coeffi-
cients bi and ai are universal and correspond to the bulk
cluster integrals [10] and to the planar-wall surface clus-
ter integrals [11, 12], respectively. On the other hand, ci,j
may depend on the shape of the region where the fluid
is confined. Naturally, if the wall is planar ci,j = 0 for
all j. Note that V , A, R, bi, ai and ci,j refer to a given
reference region B that follows the spherical/cylindrical
symmetry of the one-body distribution function. Once
B is fixed (through its radius R = R (B)) the description
given in Eq. (4) is unique. Eqs. (3, 4) suggest that
Ω = −PV + γA+ C1A
R
+ C2
A
R2
+ C3
A
R3
+ . . . , (5)
or equivalently
Ω = −PV + γ (R)A , (6)
γ (R) = γ + C1/R+ C2/R
2 + C3/R
3 + . . . , (7)
with P =
∑
i≥1 biz
i the pressure of the bulk system (at
the same z and T ) and
γ =
∑
i≥1
aiz
i , Cj = −
∑
i≥1
ci,jz
i , (8)
γ (R) =
∑
i≥1

ai −
∑
j≥1
ci,jR
−j

 zi . (9)
Here, γ (R) is the curvature dependent fluid-wall surface
tension and the functions Cj are thermodynamic curva-
ture coefficients. The fluid-wall hard potential induces
the formation of a surface with radius Rd where the one
body density distribution, ρ (r), drops discontinuously
to zero. The pressure on this zero-density surface, Po,
is given by the ideal-gas-like relation Po/kBT = ρ (Rd),
which is known as the wall or contact theorem. Given
that Po = − dRdV ∂∂RΩ one found
Po = P + γ
2
R
+ C1
1
R2
− C3 1
R4
+ . . . , (sph) (10)
Po = P + γ
1
R
− C2 1
R3
− C3 2
R4
+ . . . , (cyl) (11)
where P = −∂Ω/∂V , γ = ∂Ω/∂A, Cj = ∂Ω/∂
(
AR−j
)
and it was assumed that R−Rd is a constant length. The
mean number of particles N = −z ∂
∂z
Ω
kT
=
∑
i≥1 i
τi
i! z
i
can also be decomposed as Eqs. (5-9) resulting expres-
sions like N = ρV + ΓA + Γ(1)A/R + ... and N =
ρV + Γ (R)A where the density of the bulk system at
the same z and T is
ρ =
∑
i≥1
ibiz
i , (12)
Γ is the adsorption on a planar wall, Γ(1) is the first pure
curvature adsorption, etc. In fact, the same method ap-
ply to higher order derivatives too, for example to the
fluctuation in the number of particles
〈
N2
〉 − N2 =
z ∂N
∂z
=
∑
i≥1 i
2 τi
i! z
i.
The Helfrich expansion given in Eq. (1) was originally
derived for closed vesicles [5]. Vesicles are symmetric in
the sense that substance inside and outside are the same,
therefore in this case the sign of J is fixed and can be
chosen by convention. To apply Eq. (1) to the unsym-
metrical system of a fluid in contact with a constant cur-
vature hard wall I adopted the usual convention taking
the curvature radius Rl as positive for the fluid outside
of the spherical or cylindrical body. Therefore, in this
work Eq. (1) reduces to
γ (R) = γ − 2δγ
R
+
2k + k¯
R2
+ . . . , (sph) (13)
γ (R) = γ − δγ
R
+
k
2R2
+ . . . , (cyl) (14)
where higher order terms like C3(sph) and C3(cyl) are in-
cluded. These relations can be compared with Eq. (7) to
obtain
δγ(sph) = −
1
2
C1(sph) , ck(sph) = C2(sph) ,
δγ(cyl) = −C1(cyl) , k(cyl) = 2C2(cyl) , (15)
where it was introduced the combined rigidity in short
notation ck = 2k + k¯. Based on Helfrich’s expression,
3i 2 3 4VI 5VI
bi −2pi/3 3pi2/4 −32.6506 . . . 162.9498822 (5)
ai −pi/8 137560pi
2 −14.3871 (6) 88.053 (10)
Table I. Bulk and surface (planar-wall) coefficients of the clus-
ter integral τi up to i = 5. bi and ai are expressed in units of
σ3 and σ4, respectively.
i 2 (sph) 3 (sph) 2 (cyl)
ci,1 0 − pi768
(
9
√
3 + 16pi
)
0
ci,2 − pi144
781
36288
pi2 − pi
384
ci,3 0 − pi
1280
√
3
0
Table II. Curvature coefficients of the cluster integral τ2 and
τ3. Known terms for spherical and cylindrical hard wall up
to j = 3. ci,j has units of σ
4+j .
none of the magnitudes γ, δ, k and k¯ depend on the
geometry and thus (sph) and (cyl) labels should be un-
necessary.
III. THE HS FLUID
For the fluid of HS with hard repulsion distance σ
(from here on when becomes convenient σ will be consid-
ered σ = 1 for simplicity) in contact with a hard sphere
wall τ2 and τ3 were evaluated in Refs. [13, 14]. In addi-
tion, for the case of a hard cylindrical wall the expression
of τ2 was found in Ref. [15]. Instead, the cluster integrals
τi for i > 3 are only partially known from the values of bi
and ai [16][17]. The coefficients bi and ai for i = 2, 3, 4, 5
are listed in Table I. Table II summarizes the known cur-
vature coefficients of τi for the spherical and cylindrical
hard-walls up to j = 3. These coefficients correspond to
a choice of the reference region (RR) B that coincides
with the available region for the center of each HS, A,
with ρ (r /∈ A) = 0. Thus, under this density-based RR
(d-RR) results R = Rd, which determines the position
of the surface of tension, being A = Ad = 4piRd and
V = Vd = 4piRd/3. d-RR makes easy the evaluation of
τi (eg. in d-RR τ1 = V ). Although using Eqs. (8, 15) it is
possible to explicitly write the curvature-thermodynamic
properties as series expansion in powers of z, it is cus-
tomary to show the results as function of the packing
fraction η = ρσ3pi/6. Therefore, it is necessary to in-
vert the series of Eq. (12) to find the series of z (η), and
then compose series to obtain the series expansion of each
property in powers of η. Pressure and surface tension
series reproduce the well known virial series results, eg.
βγ = − 9η22pi
(
1 + 14935 η
)
+O
(
η3
)
. For the spherical wall the
exact series expansions of the curvature-thermodynamic
properties gives
β δγ(sph) = −
9
64pi2
(
9
√
3 + 16pi
)
η3 +O
(
η4
)
, (16)
β ck(sph) =
η2
4pi
− 109η
3
168pi
+O
(
η4
)
, (17)
and βC3(sph) =
9
√
3
160pi2 η
3+O
(
η4
)
. On the other hand, for
the cylindrical wall the exact series expansions are
β δγ(cyl) = O
(
η3
)
, βk(cyl) =
3η2
16pi
+O
(
η3
)
, (18)
and βC3(cyl) = O
(
η3
)
. Note that δγ(sph) and δγ(cyl)
are consistent with the Helfrich’s expansion at least up
to the highest order for which both are known, i.e.
δγ(sph) = δγ(cyl) = δγ up to O
(
η3
)
. Now, following
Helfrich’s expansion one found
β δγ = − 9
64pi2
(
9
√
3 + 16pi
)
η3+O
(
η4
)
, (d-RR) (19)
β ck =
η2
4pi
− 109η
3
168pi
+O
(
η4
)
, (d-RR) (20)
while the rigidity coefficients are
βk =
3η2
16pi
+O
(
η3
)
, βk¯ = − η
2
8pi
+O
(
η3
)
. (d-RR) (21)
Moreover, ci,1(cyl) = ci,1(sph)/2 showing that the un-
known coefficient c3,1(cyl) (see Tab. II) is indeed
c3,1(cyl) = − pi384
(
9
√
3 + 16pi
)
.
IV. DIFFERENT REFERENCE REGIONS
There are at least two different RR adopted in the
literature. In the context of FMT it is usual refer to
the d-RR with radius R = Rd already discussed in Sec.
III [4]. On the other hand, in the scaled particle theory
the focus is usually in the empty region (e-RR) that has
a shifted radius of R = Re = Rd − 1/2 (from here on
magnitudes referred to e-RR will be labeled with e). No
matter the reference adopted τi and Ω remains invariant
because the system remains unmodified. To discuss the
change of reference it is convenient to write the Eq. (4)
in matrix notation as
τi/i! ,= (bi)r Mr , (22)
where up to O
(
AR−4
)
the vector of coefficients is bi =
(bi,−ai, ci,1, ci,2, ci,3) and the column-matrix of measures
is M =
(
V,A,AR−1, AR−2, AR−3
)
. In fact, both bi and
M are relative to the adopted RR, and thus, I intro-
duced the generic label r to make it explicit. In Sec.
III, the system was described on the basis of measures
Md =
(
Vd, Ad, AdR
−1
d
, AdR
−2
d
, AdR
−3
d
)
and the corre-
sponding vector of coefficients (bi)d. Measures taken
with different RR are related by a linear transformation
while the inverse transformation relates the correspond-
ing coefficients. Here, the procedure is described for a RR
with shifted radius R = Ru = Rd−u that corresponds to
4measures Mu =
(
Vu, Au, AuR
−1
u , AuR
−2
u , AuR
−3
u
)
with
the obvious definition for the volume and surface area of
the sphere and the cylinder. In matrix form one found
τi/i! = (bi)d Y
−1YMd = (bi)uMu , (23)
where Mu = Y Md and (bi)u = (bi)d Y
−1. To build the
matrix Y , each measure in the u-RR frame is written as a
linear function of the measures in the d-RR, for example,
Vu = Vd+uAd−u2AdR−1+ u
3
3 AdR
−2 . Therefore, Y(sph)
and Y(cyl) are given by


1 u −u2 u3/3 0
0 1 −2u u2 0
0 0 1 −u 0
0 0 0 1 0
0 0 0 0 1


and


1 u −u2/2 0 0
0 1 −u 0 0
0 0 1 0 0
0 0 0 1 u
0 0 0 0 1


(24)
respectively (where terms of order O
(
AdR
−4) were de-
preciated). The relation between (bi)u and (bi)d di-
rectly implies the relation for the extensive-like proper-
ties: (−P, γ, C1, C2, C3)u = (−P, γ, C1, C2, C3)d Y −1.
In particular, taking u = 1/2 it is possible to derive the
properties in the e-RR for both, the sphere and the cylin-
der, cases. Thus, adopting the Helfrich expansion it is
found up to O
(
η4
)
β δγ = − 3η
4pi
[
1 + η +
( 8
35
+
27
√
3
16pi
)
η2
]
, (e-RR) (25)
β ck =
η
4pi
[
1 +
η
2
+
(81√3
16pi
− 289
105
)
η2
]
, (e-RR) (26)
while the rigidity constants up to O
(
η3
)
take the form
βk =
3η2
16pi
, βk¯ =
η
4pi
(1− η) . (e-RR) (27)
Besides, the next terms in higher order of R−1 are
βC3(sph) =
9
√
3η3
160pi2 + O
(
η4
)
and βC3(cyl) =
3η2
64pi +O
(
η3
)
.
It is noteworthy that βk (βC3(sph)) is independent of the
chosen radius of the RR to any order in η because the
fourth (fifth) column of Y(cyl) (Y(sph)) is equal to the re-
spective column of the identity matrix.
V. DEPENDENCE OF THE EOS ON η
Expressions for γ, δγ and ck as functions of η in e-
RR were obtained previously by Reiss et al. using the
scaled particle theory (SPT) [18] and more recently by
Hansen-Goss and Roth [19] by combining an FMT ap-
proach known as WBII with Eq. (2). Both sets of ex-
pressions were only utilized in e-RR while their accuracy
under the adoption of a different RR was not verified.
Yet, here I present a third set of expressions for the η-
dependence of γ, δγ and ck based on the known firsts
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Figure 1. (Color online) Difference between several results for
the surface tension and the purposed analytic expression Eq.
(28) (in units of kBT/σ
2) by adopting the d-RR. Plotted is
the regularized magnitude γ (see the text). Circles (open and
closed) are MD results from Refs. [2, 3], squares (righted in
red and slanted in blue) correspond to FMT results from Refs.
[4, 7] while points are MonteCarlo results. Dot-dashed (red)
line is the SPT result, dashed (green) line is the WBII result,
long-dashed (magenta) line corresponds to the Henderson and
Plischke [21] expression while dotted (black) line was obtained
by Yang et al. [1].
terms of their power series in η. Each of these three sets
of functions, complemented with the bulk pressure EOS
to built (P, γ, δγ, ck), is compared with FMT and Molec-
ular Dynamics (MD) results to evaluate its performance
in both d-RR and e-RR. Furthermore, under the same
approach I found for the first time expressions for k and
k¯ as functions of η.
In the present proposal the functional dependence on
η for each property will be obtained using the known
exact low order series terms and including one fitting
parameter. To ensure that the thermodynamic proper-
ties are well described regardless the adopted RR the
fitting is done in the framework of d-RR and after trans-
formed to the e-RR. In making the transformation be-
tween different RRs small inaccuracies in the equations
of state may magnify. Therefore, to transform consis-
tently one must ensure that accurately describe the pres-
sure and the surface tension. For βP (η) one can adopt
the very accurate Kolafa-Malijevsky low density (KM-
low) EOS[20], however, I verified that the use of the
Carnahan-Starling (CS) EOS instead of KM-low intro-
duces very small changes and thus the simple and quasi-
exact CS βP (η) /ρ =
(
1 + η + η2 − η3) / (1− η)3 is uti-
lized. On the other hand, there is not a sufficiently ac-
curate EOS for the surface tension at present. Here, fol-
lowing the CS rational expression for P I propose,
βγ = −9η
2
2pi
1 + 4435η +
1
38η
2 − 3(1− η)η3
(1− η)3
, (d-RR)
(28)
where the parameter is obtained by fitting and then
transformed to the fraction 138 . In Fig. 1 it is plotted
the regularized difference between the fluid-wall surface
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Figure 2. (a) Tolman length in d-RR (in units of kBT/σ). (b)
Regularized Tolman length. Squares are FMT results from
Bryk et al. [7] (rigthed-squares in red) and from Blokhuis [4]
(slanted-squares in blue), circles (green) and crosses are MD
results by Laird et al. [3]. Continuous line (ligthblue) is the
proposed expression, dot-dashed (red) line is the SPT result,
dashed (green) line is the WBII result while dotted line is the
exact series expansion truncated at the last known term.
tension γ taken from different sources and that given by
Eq. (28), where the regularized version of a magnitude
X (reg.X) is obtained by dividing X with the first term
of its power series in η (eg. reg.γ = γ/(−9η2/2pi)). The
plotted symbols are: open and closed circles for Molecu-
lar dynamic data (MD) taken from Refs. [2, 3], respec-
tively, squares (righted in red and slanted in blue) corre-
spond to density functional FMT results from Refs. [4, 7]
and points are MonteCarlo results [22]. It is evident that
Eq. (28) accurately describes the data while other ex-
pressions for γ (η) (which are shown as different curves)
deviate at η & 0.25. For the curvature-thermodynamic
properties I also utilized fitting functions that combine
rational and polynomial forms with one free-parameter.
They are
βδγ = −
( 9
4pi
+
81
√
3
64pi2
) η3 (1 + 1.2η)
(1− η)2
, (d-RR) (29)
βck =
η2
4pi
1− 193η42
(1− η)2
− 0.54 η4 (1 + 3η) , (d-RR)(30)
where 1.2 and −0.54 are fitting coefficients. In Fig. 2
(a) the different symbols show the same behavior with
increasing η, which is well described by WBII and fit-
ted lines, while SPT curve is slightly above. Reg. δγ
is presented in Fig. 2 (b). There, the FMT data is
slightly separated from MD showing some degree of dis-
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Figure 3. Tolman length times the surface tension in e-RR (in
units of kBT/σ). Lines and symbols were described in Fig. 2.
crepancy between them, and also, SPT curve does not
reproduce MD and FMT data with sufficient accuracy.
On the other hand, WBII curve correctly describes the
data being the fitted curve the most accurate. Given that
the first non-null coefficient of δγ as a power series in η
is wrong for the SPT formulae in d-RR its failure is not
surprising. It is interesting to compare the FMT results
found by Blokhuis and WBII curve, based on slightly
different FMT approaches. At η = 0.3 the difference
between both values of reg. δγ is ∼ 0.15. This small dif-
ference is relevant because both methods are accurate
in the sense that both involve negligible absolute errors
and thus this disagreement is produced by minimal dif-
ferences in the involved approximations. In this and next
figures I include results from a third order polynomial fit
in the reciprocal radius of the MD results [3] for the cur-
vature dependent surface tension of spherical and cylin-
drical hard walls. These results, plotted using crosses,
were obtained by first writing the γ (R) data in each d-
RR and e-RR, and then fitting it. The Fig. 3 shows that
Eq. (29) (found in d-RR and then transformed to e-dd)
describes better than the other functional expressions the
behavior of the plotted symbols, and also, that the series
in η truncated to order η3 follows the symbols in e-RR
much better than in d-RR. This last advantage of e-RR
with respect to d-RR will be confirmed in the next fig-
ures. The results for the combined curvature term ck are
presented in Figs. 4 and 5. In Fig. 4 (a) and (b) is clear
that the best description of the behavior of MD and FMT
data is done by Eq. (30) being the WBII curve slightly
worse while the worst of the three is that of SPT. Fig. 5
shows that in e-RR the SPT and WBII produce nearly
identical results which deviate from the symbols at large
η. Instead, the order-three series truncation given by Eq.
(26) accurately describes the symbols. Again, one verify
that in e-RR the best curve is provided by the present
proposal. The difference between Blokhuis FMT results
and WBII curve in Figs. 4 (a), (b) and 5 are apparent
and grows with increasing packing fraction. On general
grounds, WBII describes the behavior of δγ and ck in
both d-RR and e-RR better than SPT while the pro-
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Figure 4. (a) Combined curvature rigidity ck = 2k + k¯ in d-
RR (in units of kBT ). (b) Magnitude plotted in (a) but in its
regularized form. Lines and symbols were described in Fig.
2.
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Figure 5. Combined curvature rigidity in e-RR (in units of
kBT ). Lines and symbols were described in Fig. 2.
posed expressions make it still better. In addition, the
observed difference between FMT data and WBII sug-
gest that one of them or both FMT-based results might
be turning non-confidence.
Expressions for the bending rigidity k and the
Gaussian-curvature rigidity k¯ were, up to my best knowl-
edge, never presented in the literature. Now, for the
bending rigidity the simple dependence
βk =
3η2
16pi
(1− 3η) , (e+d-RR) (31)
is proposed based on Eqs. (21, 27) and the overall anal-
ysis of the data of regularized k. There the adjusted
coefficient is −3. The Fig. 6 shows results for k in both
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Figure 6. (a) Bending constant k for both d-RR and e-RR (in
units of kBT ). (b) Magnitude plotted in (a) but in its regular-
ized form. Squares (blue) are FMT results from Blokhuis[4],
crosses and circles with crosses are obtained from MD results
by Laird et al.[3] Continuous line (lightblue) is the proposed
expression while dotted line is the exact series expansion trun-
cated at the last known term.
d-RR and e-RR, which should be identical. In Fig. 6
(a) the scale in the ordinate axes shows that k is a very
small magnitude. There, one can observe a large spread-
ing of the data. Moreover, the MD results show some
degree of inconsistency in the values obtained adopting
the d-RR (crosses) and the e-RR (circles with crosses)
while largest error bars covers the complete range of vari-
ation of k with η. All these features might indicate that
the MD+fit procedure used to extract the k values is
not completely confidence. In addition, the three FMT
values suggest a nearly cubical behavior with a root at
η ∼ 0.28. The FMT approach is free from fitting un-
certainties and has a high degree of self-consistence that
enables to estimate absolute errors that are very smalls,
eg. ∆k ≃ 10−8 for η = 0.1. However, a critical revision
of the FMT adopted in Ref. [4] signals that the values
for k may be biased by the inaccuracy of the FMT itself
at the high degree of detail shown in Fig. 6 (a) where
the diameter of the circles is 2 × 10−4 (in kBT units).
This makes unclear the confidence that one should as-
sign to these results to describe by themselves the subtle
behavior of k (η) for the true HS system. In particular,
one source of inaccuracy in the adopted FMT is the use
of the Percus-Yevick pressure EOS [23] that fails with
increasing η. Based on Fig. 6 (b) one note that FMT
results suggest an overall linear behavior for the regular-
ized form of k. Turning to MD results, at low density it
is clear that none of both sets of data (that correspond
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Figure 7. (a) Bending constant k¯ (in units of kBT ) in the
framework of d-RR. (b) Magnitude plotted in (a) but in its
regularized form. Lines and symbols were described in Fig.
6, except dashed line (magenta) obtained from Eqs. (30, 31)
as ck − 2k.
to d-RR and e-RR) point to the correct limiting value
reg. k→ 1 with η → 0, and also, that the degree of in-
consistency between both make them non-confidence at
low η. On the other hand, for η & 0.22 the decrease of
k (η) and its nearly zero value is well established by the
approximate coincidence of MD and FMT results. Thus,
I do not consider the MD results for η . 0.22, but I as-
sume a simple linear behavior of regularized k and make
a crude estimate of the slope by considering the FMT
value at the smaller density (η = 0.1) and the MD re-
sults for η & 0.22. Based on this analysis, I found a slope
of −3 which corresponds to Eq. (31) and is plotted in
the figure. For the Gaussian-curvature rigidity I propose
βk¯ = − η
2
8pi
1− 4.2 (1− 6η) η
(1− η)2
, (d-RR) (32)
where −4.2 was found by fitting. In Fig.7 (a) it is
plotted k¯ in d-RR. There, one can verify the accurate
fitting of Eq. (32) to MD and FMT data, as well as, the
consistence between the fitted k¯ and that found from Eqs.
(30, 31) as ck− 2k. In Fig.7 (b) is apparent that for η .
0.2 MD data does not has the correct behavior because
it does not go to unit when η → 0, this inconsistency is
clearly related to that found in Fig. 6 (b) and makes that
MD data for this range of η be non-confidence. Therefore,
Eq. (32) is obtained by fitting the three FMT points and
those of MD for η & 0.2. The consistence of the approach
is verified by the coincidence with the alternative route
to k¯ plotted in dashed line. The expression in Eq. (32)
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Figure 8. Bending constant k¯ (in units of kBT ) in the frame-
work of e-RR. Lines and symbols were described in Fig. 6.
transformed to the e-RR is plotted in Fig. 8. Again, the
curve fits very well the data which validates the obtained
description.
VI. FINAL REMARKS
In this work exact expressions were derived for the Tol-
man length and for the combination of curvature terms
2k + k¯ up to order three in the packing fraction. Fur-
thermore, the dependence of both the bending rigidity
and the rigidity constant associated with the Gaussian
curvature were found up to order two in the packing
fraction. All these findings are absolute in the sense
that they do not imply the assumption of non-exact EOS
and can be readily transformed on exact grounds to any
reference region. Moreover, the functional dependence
of these curvature-thermodynamic properties with the
packing fraction away from η & 0 was established on the
basis of an approximate and accurate fitting procedure.
Based on the truncated power series in the packing
fraction, it were presented definitive evidence showing
that for the HS fluid in contact with hard-curved walls
k 6= 0, and then, that Eq. (2) proposed by König et al.
[8, 9] based on Hadwiger theorem [6, 24] is not a complete
expression for γ (J,K), at least for the studied system.
The same conclusion extends to the complete morpholog-
ical thermodynamic approach which might be considered
a good approximate theory but not an exact one. This
result is in good agreement with that found previously
using FMT [4]. Even that, it must be remarked that the
use of free energy density functional theories like FMT
for the evaluation of small and sensible quantities should
be done with caution. FMT is an approximate theory
for inhomogeneous fluids, and thus, it is a priori unclear
which are the boundaries of reliability of the involved ap-
proximations. Particularly, its capability to describe the
subtle behavior of k and its degree of confidence should
be further studied.
Moreover, it is shown that the order O
(
AR−4
)
terms
in γ (R) are non-null and thus, that the truncation up
8to order J2 and K of the Helfrich expansion is also in-
complete and does not enable to accurately describe the
known properties of the HS inhomogeneous system. No-
tably, the expressions for τ2(cyl) (R) and τ3(sph) (R), that
in this work were truncated to order A/R3, enables to
readily extend the results to any order in powers of R−1
showing that the Helfrich expression is also approximate
if one truncate it to any finite order in R−1. The ac-
curacy of the analytic expressions for γ, δγ, ck, k and
k¯ found by fitting is largely restricted by the small dis-
crepancies between the different theoretical methods uti-
lized to obtain their values. In this sense, the develop-
ment of a direct MonteCarlo-based method to evaluate
the curvature-thermodynamic properties might be neces-
sary to find more reliable and accurate results.
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